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Solution 2 by Neculai Stanciu, ”George Emil Palade” School, Buzau,

’
Romania and Titu Zvonaru, Comanesti, Romania. We denote: 2’ = %,

Y =5 2 = ot 0 = e v = Gia 2 = &
By Routh’ theorem we have
:L,/ /Z/ 1 x// //Z// 1
(A'B'C’) = vzt [ABC],[A"B"C"] = vzt [ABC]

@+ + D +1) (@ + D" +1)(z" +1)
1o, ! ", 11

Because we have z'y'z’ = x”y" 2" = 1, the inequality to prove becomes

2"+ )y A D D) _ (PG )y ) | 2D
@O IDETY S\ Ty T EE T

which yields immediately by AM-GM inequality.

Solution 3 by Michel Bataille, Rouen, France. Let P (resp. @) be the point of
concurrency of the cevians AA’, BB',CC" (resp. AA”, BB"”,CC"). In barycentric
coordinates relatively to (A, B, C), we have P = (x1 : 3 : z3) and Q = (y1 : Y2 : ¥3)
where x1, T2, T3, Y1, Y2, Y3 are positive real numbers and x1 +xo+1T3 = y1 +y2+ys =
1. With these notations, the coordinates of A’, B, C’ are

A'=0:29:23), B =(r1:0:23), C'=(11:79:0) (1)
and therefore J%/g]/l = |§| where
0 X1 X1
x1+x3 z1+T2
§= |z g
To+T3 zT1+T2 | "
_my ~ _a3
To2+T3 T1+T3

We readily obtain [I?I;BB’CCV] 1= (“Jr“)?f;ﬁ?) GiTa,y; asimilar result holds for —[A[I:g 'CC]”]

and it follows that the left-hand side of the inequality is £ with

= 27z 2023 (y1 + y2) (Y2 + y3) (Y1 + y3)
Yiyays(r1 + x2) (22 + 23) (21 + 23)

—— —
From (1), we have (xg + 23)A’ = x2B + x3C, hence (z2 + x3)BA’ = 23 BC and so

. .. .BC A 3 (Yo 4y
BA = %}% Similarly, BA" = -ii/a so that B4 = % In the same way,
we arrive at
CB' _ zi(y1 +ys) ACT  wa(y1 +y2)
CB"  yi(x1 +x3)’ AC”  ya(xy + x2)

and the right-hand side R writes as
R (773(?/2 +y3) | mi(yrt+ys) | w2y + 212))3
ys(z2 +23)  yi(zi+23)  ya(21 + 22)

The desired inequality R > £ now results from (a1 +as+a3)® > 27a1aza3 (AM-GM)
applied to

@ = z3(y2 + ¥3) 4y = z1(y1 + y3) a5 = T2 (Y1 + y2)
ys(22 +a3)’ yi(z1 +a3)’ Y2(w1 + 72)
Also solved by the proposer.
63. Proposed by Leonard Giugiuc, National College Traian, Drobeta Turnu Sev-
erin, Romania. Let a,b,c € R. Prove that

9v2(ab(a — b) + be(b — ¢) + ca(c — a)) < V3 ((a=0)*+(b—c)* + (c—a)?)

ol
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Solution 1 by Michel Bataille, Rouen, France. The inequality is obvious if

ab(a —b) + be(b — ¢) + ca(c — a) < 0 and otherwise is equivalent to
54((a—b)(b—c)a—c)* < ((a—b)?+ (b—)* + (c — a)?)’ (1)

(since ab(a — b) + be(b — ¢) + ca(c — a) = (a — b)(b — ¢)(a — ¢)). Let L(a,b,c) =
54 ((a —b)(b—¢)(a — ¢))* and R(a,b,¢) = ((a — b)*> + (b —¢)> + (c — a)2)3 Ifay =

a—c¢, by=b—cand ¢; =0,thena; — by =a—-b, by —c1r=b—c¢c, a1 —c1=a—c
so that L(a1,b1,c¢1) = L(a,b,¢) and R(ay,b1,c1) = R(a,b,c). It follows that it
suffices to prove (1) in the case when ¢ = 0, that is, to show that 54(a — b)2a2b? <
((a—0b)?+b*+ a2)3 or equivalently,

27a%b*(a — b)? < 4(a® + b* — ab)®. (2)

Now, it is straightforward to check the identity

4(a® +b* — ab)® — 27a*b*(a — b)® = (a — 2b)*(2a — b)?*(a + b)?
so that (2) writes as (a — 2b)2(2a — b)%(a + b)? > 0 and clearly holds.
Solution 2 by Arkady Alt, San Jose, California, USA. Due to cyclic sym-
metry of inequality we may assume that a = max {a,b,c}. Since the inequality is
obviously holds if b < ¢ (because then
ab(a—b) +be(b—c) +calc—a) = (a —b) (a — ¢) (b — ¢) < 0) suffice to consider only
case when b > ¢, thatisa>b>c. Letc =b—c,y=a—b,p=x+y,q = xy. Then
r,y>0,a=c+x+y,b=c+ur,
ab(a —b) +be(b—c)+ca(c—a) = (x+y)zy =pg,(a—b)>+ (b—c)? + (c—a)? =
(:c2 +y? + (z+ y)2) =2 (az2 +y? + my) =2 (p2 — q) and in the new notation the

inequality is
2

9v2pq < /3 (2 (p2 — q))3/2 , where ¢ > 0 and ¢ < pz(condition of solvability

Ty =q

, P 3/2 P2 B (3;02)3/2 9p? B 9p? 9p? B
‘/§<2<p 4)) W =35 23 23 28 "
Also solved by Kevin Soto Palacios, Huarmey,Peru; Ravi Prakash, New
Delhi, India; Nicusor Zlota, Traian Vuia Technical College, Focsani, Ro-
mania and the proposer.
64. Problem proposed by Arkady Alt, San Jose, California, USA. Let A (z,y,2) :=
2(xy +yz + 22) — (22 + y% + 2%) and let a,b,c be sidelengths of a triangle with
area F. Prove that

of Victa’s System { TEY=P i real z,y). We have v/3 (2 (p? — q))3/2—9\/§pq >

64F3
7
Solution by Michel Bataille, Rouen, France. In the featured solution of

problem 1973 in Mathematics Magazine, Vol. 89, No 4, October 2016, p. 297, it is
proved that

A (a3,b3,03) <

Ala,b,e) - Ala®, b, c") < (A(a, 1%, ¢%)’ &

whenever a, b, ¢ are positive real numbers. Taking for a, b, ¢ the sidelengths of the
triangle, we calculate

A(a,b, ) = 2(ab+betca)—(a+b%+c?) = 2(s>+r’+4rR)— (252 —2r2 —8rR) = 4r(r+4R) > 0



